KDV HAMILTONIAN AS FUNCTION OF ACTIONS 
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Abstract. We prove that the non-linear part of the Hamiltonian of the KdV equation on 
the circle, written as a function of the actions, defines a continuous convex function on the P' 
space and derive for it lower and upper bounds in terms of some functions of the £^-norm. The 
proof is based on a new representation of the Hamiltonian in terms of the quasimomentum 
and its analysis using the conformal mapping theory. 



1. Introduction and Main results 

We consider the Korteweg de Vries (KdV) equation under zero mean-value periodic bound- 
ary conditions: 

(It = -q-xxx + Gqqx, x eT = R/z, 

-1 (1.1) 

q{x, t) dx = 0. 



For any a G M denote by Jifa the Sobolev space of real-valued 1-periodic functions with zero 
mean-value. In particular, we have 

= ^a(T) =|g G L\T) : g^") G ^^(T), ^ q{x) dx = o|, a ^ 0. 

We provide the spaces Jifa with the trigonometric base {e±i, e±2, e±3, ....}, where 

ej{x) = cos27rja;, e_j(a;) = — -\/2 sin 27rjx, j ^ 1. 
We also introduce real spaces of sequences / = (/„)5", equipped with the norms 

\\f\[i^ = Y.{2nnf^\Uf, p^l,aeR, (1.2) 

and positive octants 

C,+ ={/ = (/n)r eC:/n^O, Vn^lj. 

In the case a = we write = i^, = i^^ and || ■ \\p = \\ ■ \\pfi. 

The operator ^ defines linear isomorphisms ^ : J^a — ^ J^a-i- Denoting by (^)~^ the 
inverse operator, we provide the spaces Jifa, a ^ 0, with a symplectic structure by means of 
the 2-form U2'- 

^2(91,^2) = -{{d/dxy^qi,q2), 



Date: October 21, 2011. 

1991 Mathematics Subject Classification. 34A55, (34B24, 47E05). 
Key words and phrases. KDV, action variables. 

1 



2 



EVGENY L. KOROTYAEV AND SERGEI KUKSIN 



where (■, ■) is the scalar product in L^(0, 1). Then in any space a ^ 1, the KdV equation 
(11. ip may be written as a Hamiltonian system with the Hamiltonian given by 



That is, as the system 

= (1.3) 

e.g. see |Ku| IKaP] (note that H2 is an analytic function on any space J^a, a ^ 1). 

It is well known after the celebrated work of Novikov, Lax, Its and Matveev that the system 
(11. 3p is integrable. It was shown by Kappeler and collaborators in a series of publications, 
starting with ^Kaj . that it admits global Birkhoff coordinates. Namely, for any a G M denote 
by i)a the Hilbert space, formed by real sequences b = (6„, &_„)f^, equipped with the norm 

\\b\\l = J2i^nnr'^{bl + b'_J. 

We provide the spaces f)^ with the usual symplectic form 

Q2 = dbn A db^n, 

and define the actions / = (/n)i° and the angles = (0n)r by 

In = ^(&n + b-n), 0n = arctau j-^. (1.4) 

This is another set of symplectic coordinates on i)^, since Q2 = dl A d(f), at least formally. 
Then 

1) There exists an analytic symplectomorphism : Jifo — f)i which defines analytic diffeo- 
morphisms ^ : M'a [)Q,+ i,a ^ —1, such that d^{^) = $, where 

" ^' = |27rj|^Mj, Vj. (1.5) 

2) The transformed Hamiltonian H2{'^~^{b)) (which is an anlytic function on the space 
f)3j depends solely on the actions I, i.e. K{I{h)) = H2{'^~^{b)) , where K{I) is an analytic 

function on the octant £\ . A curve q{-,t) G C^(M, ^) is a solution of U.l\) if and only if 

2 '+ 

b{t) = \E'(g(-,t)) satisfies the following system of equations 

dbn , dK db^n , dK , , 

where I = (/(&)). 

For l)-2) with a ^ see |KaPj and with a = — 1 see [KaTj . See |KuPj for the important 

quasilinearity property of the transformation \E'. 

Note that q e iff / G £S • Thus ii I e for some p G [1, 00), then / G £\ and the 

2 2 
corresponding potential q G J^-i. 
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By 2), in the action-angle variables (/, (p) the KdV equation takes the form 

It = 0, <Pt = (1-7) 

This reduction of KdV is due to McKean-Trubowitz [MTlj and was found before the Birkhoff 
form (11. 6p . The action maps ip ^ Ij, j ^ 1, are given by explicit formulas due to Arnold and 
are defined in a unique way. So the Hamiltonian K{I) also is uniquelly defined, see |FM] . But 
the symplectic angles are defined only up to rotations i— >■ + {d/dl)g{l), where g is any 
smooth function. So the transformation ^ is not unique. 

The Birkhoff coordinates b and the actions-angles (J, 0) make an effective tool to study 
properties of the KdV equation, see [KaTj . and of its perturbations, see |Kulj . For both 
these goals it is important to understand properties of the Hamiltonian K{I) which defines 
the dynamics (11.61) and (II. 7p . 

Denote by Pj moments of the actions /, given by 

Pj = 5^(27™y/„, J e Z. (1.8) 

Note that 

Pi = l\\q\\\ if I = I{b), b = ^{q), (1.9) 

- this is the Parseval identity for the transformation \1', see |MT2| IK5] . Due to (II. 5p . the 
linear part dK(0){I) of K[I) = H2{'^^^{b)) at the origin equals 

$-^6 1 I dx = P.. 



2 Jo \dx 
Therefore 

K{I) = Ps{I) + 0{P). 

The cubic part q^{x) dx of the Hamiltonian H2{q) is more regular than its quadratic part 

i lo q'i^)'^ dx. Thus it is natural to assume that the term P3 is a singular part of K(I) and 
to study smoothness of the more regular quadratic part V, given by 

H2{q)=K{r)=P,{I)-V{r). (1.10) 

Here the minus-sign is convenient, since below we will see that V 0. For any N 1 denote 
by ^^ C £^ the N-dimensional subspace 

?v = {/i=(/i„)-, /i„ = OVn>iV}, 

and set 1°^ = Ui^ . Clearly V is analytic on each octant (i.e., it analytically extends to 
a neighbourhood of in £^). So V is Gato-analytic on i"^. That is, it is analytic on each 
interval {{a + tc) E i°^\t E M}, where a, c G i"^. It is known that 

see |BoKuj and jlCT iKi] . So d'^V{0){I) = 6\\I\\l This suggests that the Hilbert space f 

rather than the Banach space i\ (which is contained in i"^) is a distinguished phase-space for 

2 

the Hamiltonian K{I). This guess is justified by the following theorem which is the main 
result of our work. 
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Theorem 1.1. The function V : £^ — )■ M extends to a non-negative continuous function on 
the i'^-octant i"^, such that V{I) = for some I & i"^ iff I = 0. Moreover, 

^ ^ 8PiP_i, V/g£}^+, (1.12) 

and 

^ ^ V ^ (^4^(1 + P_\)5p2^ + Qne^'Wlh] ||/||2, V / € £l (1.13) 



10 (1 + p_2 J V / 

Let X be a Banach space which contains as a dense subsets. We say that the function 
V{I) agrees with the norm \\I\\x if V extends to a continuous function on X+ (= the closure 
of 7^ in X) and 

F,{\\I\\x)^V{I)^F,m\x), V/GX+, 

where Pi, P2 are monotonous continuous functions from M+ into IR+ such that Pj(0) = and 
Fj{t) — > 00 as t — 00, j = 1, 2. It is easy to see that there exists at most one Banach space 
X as above (i.e., if X' is another space, then X = X' and the two norms are equivalent). 

Estimates fll.lSp imply that the function V{I) agrees with the norm ||/||2- So i"^ is the 
natural phase space for the non-linear part V of the Hamiltonian K{I). Estimates from 
Section 3 easily imply that £^-sequences / correspond to potentials q G and in general 
these potentials do not belong to (see Remark 2 in Section 3). 

A proof of the theorem is based on a new identity (see Theorem 14. 2p . representing V{I) in 
terms of the quasimomentum of the Hill operator with a potential q. It uses properties of the 

conformal mapping, associated with this quasimomentum, developed in |K1] - |K5] . 

4 

Remarks. 1) fll.l2p improves the known estimate \H2{q)\ ^ 4^P3(1 + P^) from |K3] . 

2) We claim that the function V is real analytic on i"^. This will be proven elsewhere. 

3) The complete Hamiltonian K{I) is analytic on the space i\. Our results show that the 

2 

function K{I) — dK{0){I) = —V{I) is smoother and continuously extends to a larger space 
A natural question is if the function 

K{I) - dK{0){I) - ^d^K{0){I, I) = K{I) - P3 + 3||/||2 

is even smoother and continuously extends to a larger space, etc. We do not know the answer. 

4) By Theorem 11.11 V{I) admits a quadratic upper bound in terms of Pi. The estimate 
fll.l3p implies the exponential upper bound for V in terms of ||/||2- The bottle neck of our 
proof which yields the unpleasant exponential factor in f ll.l3p is the Bernstein inequality, 
used in Section 3 to prove Lemma 13.11 We conjective that, in fact, V{I) is bounded by a 
polynomials of ||/||2- 

Consider the restriction of the function V{I) to with any N ^ 1. It is known that the 
corresponding Hessian is non-degenerate: 

detjf^l ^0, V/g4- (1-14) 

This result was proven in [Krij with serious omissions, fixed in |BoKuj (see also Appendix 3.6 
in |Kuj ). Since V is analytic on then (11. lip and (I1.14p yield that the Hessian of l^|pv is a 
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positive N X N matrix. Thus V is convex on Since i°° = Ui'^ is dense in i'^, where V is 
continuous, we get 

Corollary 1.2. The function V{I) is convex on i"^. 

Remark 5). By f ll.lip and remark 2, the function V is strictly convex in some vicinity 
of the origin in £^ (note that £^ is the only phase-space where V is strictly convex). We 
conjecture that it is strictly convex everywhere in i"^. 

In difference with V{I), the total Hamiltonian K{I) is not continuous on £^ since its linear 
part Psil) is there an unbounded linear functional. But P3(/) contributes to equations (11.60 
the linear rotations 

^ = -(27rn)=^6_„, ^ = (2vrn)36„, n ^ 1. 

So the properties of (11. 6p essentially are determined by the component —V{I) of the Hamil- 
tonian K{I). We also note that since Psi^I) is a bounded linear functional on the space i\ C 

2 

then the complete Hamiltonian K^I) = P3 — is concave on i\. The flow of the KdV equation 

2 

in the action-angle variables (II. 7p is 

{iA)^(iA{t) = ^ + tK\i)], tern, K\i)- ^^^^^ 



dl ■ 

Since the function K is concave and analytic on i\ , then the flow-maps are twisting: 

2 

(0(t; /(2), 0(1)) - 0(t; /(I), 0(1)), /(2) - /{!)) = t{K'iI^2)) - ^'(/(i)), 1(2) - 1(1)) ^0 Vt ^ 0. 

If the assertion of Remark 5 above holds true, then L.H.S. is ^ — Ct||/(2) — -?^(i)||2) where the 
positive constant C depends on /(2),/(i). 

In the finite- dimensional case convexity (and strict convexity) of an integrable Hamiltonian 
significantly simplifies the study of long time behavior of actions of solutions for perturbed 
equations. Similar, we are certain that results of this work will help to study perturbations 
of the KdV equation (11.11) . especially, those which are Hamiltonian. It is important that as a 
phase space our results suggest the Hilbert space i"^, rather than a weighted £^-space. 



2. Momentum, quasimomentum and KdV equation 

2.1. Spectrum of the Hill operator. We consider the Hill operator T acting in L 
and given by 

T = —^ + qo + q{x), 

where a 1-periodic potential q (with zero mean- value) belongs to the Sobolev space J^, a ^ — 1 
and go is a constant (so the potential qo + q may be a distribution). Below we recall the results 
from |K2j on the Hill operator with potentials q G ^^i. The spectrum of T is absolutely 
continuous and consists of intervals {spectral bands) &n, separated by gaps 7„ and is given by 

&n = [A+_i, A;], 7„ = (A", A+), where A;_i ^ A" ^ A+, n ^ 1. 

We choose the constant go = '?o('?) in such a way that Aq = 0. Note that a gap-length |7„| ^ 
may be zero. If the n-th gap degenerates, that is 7^ = 0, then the corresponding spectral 
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Figure 1. The spectral domain C \ U©„ and the bands (3„ = [Xn-i^ -^n])"^ ^ 1 

bands ©„ and &n+i merge. The sequence = Aq < ^ < . . . form the energy spectrum 
of T and is the spectrum of the equation —y" + (go + q)y = Xy with the 2-periodic boundary 
conditions, i.e. y{x + 2) = y{x),x G M. Here the equahty means that A~ = A^ is a double 
eigenvalue. The eigenf unctions, corresponding to A^, have period 1 when n is even, and they 
are antiperiodic, i.e., y{x + 1) = —y{x), x G M, when n is odd. 

In order to study the actions In,n ^ 1, we introduce the quasimomentum function. We can 
not introduce the standard fundamental solutions for the operator T, since the perturbation 
q is too singular if a < 0. Instead we use another representation of T. Define a function p{x) 

by 

p(x) = e-^o"^*(*)'^*, where G ^ = g- 

Consider the unitary transformation U : L^(M, dx) — )■ L^(]R, dx) given by the multiplication 
by p. Then T is unitarily equivalent to 

T,y = U-'TUy = -^(p'z/')' + (^o - q')y = -y" - 2q.y' + (go - q')y, 
p^ 

acting in L'^{M., p"^ dx). Note that the norm in this space is equivalent to the original L^ — 
norm. This representation clearly is more convenient, since g* and ql are regular functions. It 
is convenient to write the the spectral parameter A as 

X = z\ 

Let ip{x, z) and i9(a;, z) be solutions of the equation 

- y" - 2q,y' + (go - ql)y = z'^y, z e C, (2.1) 

satisfying (p'{0, z) = 7?(0, z) = 1 and ip{0, z) = ^'{0, z) = 0. The Lyapunov function is defined 
by 

A{z) = ^{^'{l,z)+^{l,z)). (2.2) 

This function is entire and even, i.e., A(—z) = A(z) for all z E C It is known that A{^^J^J^) = 
(— l)",n ^ and the function A'{z) has a unique zero z^ in each gap [a/A^, a/A+] C IR+ (see 

e.g., m, m)- 

2.2. Momentum and quasimomentum. Consider a strongly increasing odd sequence 
tin, "H. G Z, of real numbers, m„ = —U-n, such that Un — )■ ±oo as n — )■ ±oo, and a non- negative 
sequence h = {hn)f G £°°. We define the following domains 

}C{h) = c \ UnezTn, ic+{h) = c+ n /C(/l), 
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where 

To = 0, Tn = {un- ihn,Un + ihn) = -T_n, and C+ = {z -.Imz > 0}. 

We call /C+(/i) the "comb" and denote its points hj k = u + iv. Then there exists a unique 
conformal mapping z = z{k): 

z : /C+(/i) C+, 

normalized by the condition z{0) = and the asymptotics: 

z{iv) = iv + o{v) as v +oo, where z = x + i?/, k = u + iv. (2.3) 

We call "the comb mapping" . Define the inverse mapping 

k = z-^ ■.C+^ }C+{h), k{z) =u{z) +iv{z). (2.4) 

This function is continuous in C+ up to the boundary, i.e., on the closure C+. It is convenient 
to introduce "gaps" Qn, "bands" (T„ and the "spectrum" cr of the comb mapping by: 

9n = iz~,z+) = {z{Un-0),z{un + 0)), a„ = 2:^] , a = Uan, 5-0 = 0, = 0. 

Note that the identities = z^ yields 

l7n| = 4^ - Zn"^ = \gn\{z^ + z'), V n ^ 1. (2.5) 
Define the momentum domain 

Z = C\ UneZgn- 

The function k(z) may be continued from C4. to the domain Z by the symmetry the formula 
k{z) = k{'z), Imz < 0. Thus we obtain a conformal mapping k : Z ^ K,{h), called the 
quasimomentum mapping (or shortly the quasimomentum), which generalizes the classical 
quasimomentum ( see e.g. jRSj ). A point z E Z is called momentum and a point k G ]C{h) is 
called quasimomentum. It is odd, i.e., k{—z) = —k{z), since the domains }C{h) and Z both 
are invariant under the inversion z ^ —z. 

If the spectrum of the comb mapping k{z) has only finite number of open gaps, then k{z) 
is called a finite-gap quasimomentum. Different properties of the finite-gap quasimomentum 
(and of more general conformal mappings) were studied by Hilbert one hundred years ago, 
see in [J]. 

The abstract quasimomentum, which we have just defined, is related to the spectral theory 
of the Hill operator T by the following construction invented in |M0] . Namely, let {z^,n G Z} 
be an odd sequence as above. For n ^ denote = {z^^. Then {A^,n ^ 0} is the energy 
spectrum of the Hill operator T with a potential go + Q, where q G Jifa, a ^ 0, if and only 
if the corresponding comb domain /C(/i) is such that m„ = iin,n G Z, and h = {hnjf G ^^+1- 
Moreover, in this case cos k{z) = A{z) is the Lyapunov function for T. 
In |K2j the construction was generalized for potentials from J^'^i, see below Theorem 12.11 
Despite the objects, treated by Theorem II. are defined in terms of Hill operators with 
periodic potentials, for the proofs in Sections 3-4 below we need the quasimomentum mapping 
k{z), k = u + iv, z = X -\-iy, corresponding to general odd sequences {un}- Now we summarize 
their basic properties, refering for a proof to p^K2] pO] . jK^ . jK4] . [Hl-lLS], jMH] . [M]- 

1) v{z) ^ Imz > and v{z) = —v{z) for all z G C+ and 

k{-z) = -k{z), k{z) = k{z), all z e Z, (2.6) 

2) v{z) = for all z E (Jn = [z^_i, z~],n G Z. 
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Imz 



Rez 



Figure 2. ^-domain Z = C \ Ug^^, where z — \/\ and momentum gaps Qn = {z^ , z^) 



ImA; 



— TT 4- ifel 



-37r + i/i3 -27r + j/i2 t 

StJ — 27l| — Til 



TT + i/ll 



27r + ih2 + i/i3 

27r| SttI Refe 



Figure 3. /c-plane and cuts r„ = {nn — ihn, Tin + ihn),n G Z, 




Figure 4. The graph of v{z + lO), z e 5(„ U a-„ U a-„+i and \hn\ = v{zn + iO) > 

3) If some gn ^ 0,n & 'Z, then 

hn > v{z + iO) = -v{z - iO) > 0, v"{z + iO) <0 M z e Qn, (2.7) 
see Fig. 4- The function v{z + iO)\g^ > attains its maximum at a point Zn £ Qn, where 

hn = v{Zn + l()), v\Zn)=Q. (2.8) 

Moreover, 

v = on M\U„ez^„, (2.9) 

v{z + iQ) > Vn{z) = \{z - z;, ){z - zl)\^ > "^zegn, (2.10) 
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\gn\^2hn, |(7„| ^ n„ - V n G Z. (2.11) 

4) u'{z) > on each an, and 

u{z) = 7rn, V 2 G ^„ ^ 0, n G Z. (2.12) 

5) The function k{z) maps a horizontal cut (a gap ) 'g^ onto the vertical cut r„ and maps a 
spectral hand an onto the segment [T[{n — 1), Tin], for all tt, G Z. 

6) The following asymptotics hold true: 

2;^ = vrn + o(l) as n — )■ 00. (2.13) 

Vjlfh&i'^ and m{n^i{un+i—Un) > 0, then v{z + iO), z E belongs to L^{M.) and the following 
identity holds true: 

k{z) = z + - [ ^dt, ^z G Z. (2.14) 

For additional properties of the comb mapping z{k), see [Klj - [K6] . |Llj - |L3j . 
2.3. Quasimomentum and the KdV Hamiltonian. RecaU that we choose the constant 
go ^ in such a way that A(j' = 0. If g G ^^(T), then the quasimomentum k{-) has asymptotics 

k{z) = z — — — ^ as Im^— J-oo, (2.15) 

z z-^ 

see |K2] . If q, q' G J^, then the asymptotics (12.151) may be improved: 

uf ^ <5o Q2 Q4 + 0(1) ^ . 

kyz) = z as z ^ +«oo, (2.1o) 



and 
where 

Qj = - 

TX 



k\z) = \-S^^-^-^^^-^ as \ = z\ z^+ioo, (2.17) 



4 r°° 

z^v{z + iO)dz^O, j^O, Sj = - z'^^^\{z)v{z + iO)dz, j ^ -1. 

Jo 

(2.18) 

Note that Q2j+i = for all j ^ by the symmetry. The involved quantities Qj and Sj are 
defined by converging integrals (see |KK2] . |K5] ). and satisfy the following identities 

qoiq) = S.i = 2Qo if gG^_i, (2.19) 

HM = [ <f{x) dx = 2Pi = 45-0 = 8Q2 - iQl if g G JTq, (2.20) 
Jo 

H2{q) = 8iS^-S^^So), Si + 2QoQ2 = 2Qa if g G ^1, (2.21) 

8Q2 = Ikf + ql 24Q4 = H2{q + go). (2.22) 

See IK2], jK5] . 

2.4. The KdV actions. The components In of the action vector / = (/ra)f^ (see (11. 4p ) 
may be calculated with the help of a general formula due to Arnold, which in the KdV-case 
takes the form 

(-l)"+i2 f z^A'(z)dz 

In = ^ / \ . ^0, n ^ 1, (2.23) 



vr A |A2f2)-l|2 
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see |FMj . These integrals may be re- written, using the quasimomentum. Indeed, since 
smk{z) = — A'^{z), then 



ni J^^ sin A; (2;) 

where c„ is a contour around gn- It is convenient to introduce contours Xn around r„ by 

X„=|A;G/C(/i):dist (fc, r„) = ^| C /C(/i), n ^ 1, (2.24) 
and define the contours 

Cn = z{Xn) C V n ^ 1. 

The differentiation of A{z) = cos k{z) gives k'{z) = — A' (z)/ sin k{z). This yields 

4 = —/ z^k'{z)dz = -— I zk{z)dz = - I zv{z + iO) dz ^ 0, (2.25) 

since on gn the function A; = 7m + iv and f satisfies (12. 7p . This representation for J„ is 
convenient and is crucial for our work. In particular, below in Lemma 13.11 we derive from 
(I2.25|) the following two-sided estimates: 

STT 71 

Using fl2:25|) jointly with f l212|) and ([2J]), we easily see that 

32 1"^ 

Ps = V(27m)3/„ = — / zu^{z)v{z + iO) dz. (2.26) 

Recall that P^il) is the linear in / part of the Hamiltonian H2, see (ll.lOp . 

2.5. Marchenko-Ostrovski construction for potentials q E M'^\. The Marchenko- 
Ostrovski construction, described in Section 2.1, defines the mapping q acting from ^^-i 
into j = 0, 1, The results below are proven in |MUj for j ^ 1 and in [K2j for j = 0. 

Theorem 2.1. The mapping q ^ h acting from M'j-i into ipj = 0,1 is a surjection. It 
satisfies the following estimates 

^ 2||/i||2(l +4||/i||2), ||/i||2 ^3||g||_i(l + 2||g||_i)2, V g G (2.27) 

where = For each h E i"^ there exists a function q G J^-i, and a unique 

conformal mapping k{-, h) : Z ^ K{h) defined in \2.4^ . Moreover, 

cos k{z, h) = A{z,h), z e Z, (2.28) 

where A{z, h) is the Lyapunov function for q, and k{z) satisfy 

k{z,h) = z- as z^ioo, (2.29) 

z 

k{z^,h) = 7rn±i0, fc(z„ ± iO, /i) = Tm ± n^l. (2.30) 

In particular, the real numbers z^'^ , satisfying /i2. 30\) . form the energy spectrum of the operator 
T. Furthermore, if a sequence h'^, u ^ 1 converges strongly in i"^ to h as u 00, then 
A{z,h'^) — )■ A{z,h) uniformly on bounded subsets of C 
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In order to prove our main result, Theorem 11.11 we use Theorem 12.11 to reformulate it as 
questions from the conformal mapping theory in terms of quasimomentum of the Hill operator. 
To proceed we need auxiliary results from previous work of the first author: 

Lemma 2.2. Let h ^ i"^ and let each Un = Tcn, n ^ 1. Then following estimates hold true: 



V2, 



^Qo < \\h\\l ^ y(^1 + ^Q~o ]Qo, (2.31) 

2 ^ (16)'go, (2.32) 
2 o r°° 

oo 



m^i-±^^- (2.34) 

i=i 

Proof. Estimates fl2.3ip . f l2.32p were proved in Theorem 2.1 from |Klj . The first esti- 
mate in fl2.33p \\h\\l^ ^ 2Qq was established in |K6j . The second estimate in fl2.33p Qq ^ 
I Jl^ zv{z)dz/u{z) was proved in [K5] (see p. 398). The identities l^i^B, O and (123^ 
imply 

2 zvjz) dz _sr^Jj_ 
TV Jq u{z) ^27rj' 

and we get ([233]). Finally, using ([233]), <UM and (I2A2]) we obtain 



4 4 r^^2 M^^V^, (2.35) 



which gives ( I2.34p . ■ 

3. Local estimates 

In this section we derive estimates for hn,In and |7„| with a fixed n ^ 1. We use the 
following constants 



= eV^, Ci = l + ^/pTi Co = ch \\h\\^ ^ eV^, (3.1) 
where the inequality follows from lemma below. 

Lemma 3.1. Let h ^ i"^ and let each Un = 7Tn,n ^ 1. Then for each n ^ 1 the following 
estimates hold true: 

^hnl'Jnl < -^hn\gn\{Zn + + ^n) < 4 ^ '^K\ln\ ^ |7„|>0, (3.2) 
671 377 7X 

n 

^^vrn + ^l^?,!, (3.3) 

||p||2 

7rn ^ 2^;^ H p = [p^)f ^ = - |a-„|, (3.4) 

TT 

2n < Coz^, hn ^ —^\9n\, (3.5) 
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v{zn + iO) = h. 









\v{z + iO) 




A- 






i / 






\ \ 
\ \ 




£- 


e + 





Zn 



Figure 5. The graphs of v{z + iQ) and f± 



I 37]- 



TC 



1 l7n| , ^[QK 



1 l7nP 



■inn 



SvrC^ (2?™) ^ " ^ 2 (2?™) 

_ 3 

^^0 ^ M !, |2 / r / r,2 



37r2 



-(27rn)|/i„|^ ^ /„ ^ SnCjhi. 



(3.6) 
(3.7) 
(3.8) 
(3.9) 



Proof. We show (13. 2p . Using (12. 7p . (12. 8p and standard convexity arguments (see Fig. 5) we 
have 

v{z- +t + iO) ^ f^{t) =tj^, tG(0,£_), e^ = Zn-z->0. (3.10) 

This yields 

4 /"^n 



zv{z)dz^^ [ {z^ +t)f-{t)dt = ^^(z^^ + ^) =^Ke^(zr,-^]. 
TC J,- vrJo 7r£_\z3y7r \ 3 
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Let f+{t) = {e^ — t)j^,t G (0, = — Zn > 0. A similar argument gives 

n 



zv{z)dz^- / [z-^+t-e+)f+{t)dt = -—[zi^-^] = -Ke+(zn+' 
Jz„ Jo 7ie+\ 2 3 J 71 ' 



Denoting z^ = + -2„ ); we obtain 



In = In + In > "^n ^- (^n ~ ^) + ^+iZn + ^) = "^n 2;„|5f„| + 
TT \ O O / TT \ 

= -/inlfi-nl ^^n + 2 = —hn\gn\{Zn + 2zJ ^ —hn\gn\2z^ = T^-^-nlTnl- 

TT y o y ovr ovr ovr 

This implies the first two estimates in fl3.2p . Using (12 .Tp for all 2; G (7„,, we get /„, < 
Jg z dz = ^hnl'jn], which gives us the last estimate in (13 ■2p . 
We show fl3.3p . It is clear that 



irn 



+ alln^l. (3.11) 



Since by (12. lip , pj = n — \o-j\ ^ and \gn\ = -z^ — 2„ , we get (13.31) . 
We show (13. 4p . Using identities (13.111) we obtain 



± , , IIPII2 



2 277 



nn ^ + 2^ Pj ^ 2^ + n2 ||p||2 < zf^ + — + 
1 

which yields (13. 4p . 

In order to prove (13. 5p we use an argument from [MO] . This is a weak point in our proof, 
which gives the exponential factor in (13. 5 p and later in (I1.13p . The Taylor formula implies 

2 = |A(^-) - A(z+_J| ^ \^{zn)\\crnl (3.12) 

for some i„ G cr„ = and all n ^ 1. Using the Bernstein inequality for the bounded 

exponential type functions (see e.g., [SJ) we obtain 

sup |A'(^)| ^ sup \/\{z)\ = Co = ch ||/i||oo ^ e"'^"°°. (3.13) 

zeM zeM 

Combining (I3.12p and (I3.13P we get 2n ^ Cqz"^ for all n ^ 1, which yields the first estimate 
in (I331). 

Let n be even and let \z~ — Zn\ ^ \gn\/2 (for other cases the proof is similar). The identity 
chhn = A(z„) (which follows from (I2.30p ) and the Taylor formula imply 

^^diK-l = A{zn) - 1 = \A"{I-)iz;^ - Znf (3.14) 

for some G {z^.Zn). Using again the Bernstein inequality, we obtain 

sup |A"(z)| ^ sup |A(z)| = Co. (3.15) 

zeR zeM 

Then combining (I3.14p and (I3.15P we get h'^ ^ ^IS'nP) which gives the second estimate in 

dSSD- 

We show dSSD- Using ([S3]), (E2D, (ESD we obtain 

VIIL2^/- , |, , I|P||2,2 



7rn/i2 ^ {z- + 4)/i2 + '^hl ^ {z~ + 4)^|5„|/i„ + 

TC Z 71 
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lu I 11/^112 7 2 ^ yC^^Svr I|P||272 



vr " ^ 2 2 " TT 
which yields (13. 6p . 
We show dSm). Using (Q, (O, (E33]) and fl2ll|l we obtain 

47m 47rn \ ^ / \ ^ / 

Recalhng that Cq = ch ||/i||oo and using fl3.5p and fl2.5p . we obtain 



3 



^ < C'o l^«l ^ C'o l7n| ^ vtCq^ 



2 2(2;- + 4) Svrn 



and fl3.7l) is proven. 
Estimates (13. 7p and (13. 2p imply the first estimate in (13. 8p : 

|2 



I7n 



^ 2CjhM ^ SnCjI,,. 



(2?™) 

Combining the last estimate in (13. 7p and (13. 2 p we obtain the second estimate in (13. 8p . 
We show dSH). Using ([S2D and (EI]) we obtain 

r ^ 2/l„ 7„ ^ o 1,2 
TT 

which yields the second estimate in (13. 9p . Using (13. 7p and (13.21) . we obtain 



and get the first. ■ 
For any /i G we define integrals Vn as 



TT 



Vn = - zv\z) dz^O, n^l. (3.16) 



'9n 

These quantities are important for our argument since, as we show below, V = X]n>i(4^'^)^ 
for I ef. 

Lemma 3.2. Let h E i'^ and let each Un = irn, n ^ 1. Then for n ^ 1 the following relations 
hold true: 

\hlln ^ ^hl\-fn\ ^ ^hl\gn\{?>Zn + 2z°) ^ K ^ 2/i^J„, (3.17) 
— / zk^{z) dz = (47rn)V; - (27^)^4. (3.18) 

Jc„ 

Proof. We show fl3T7p . Let Qn ^ 0. Using f l310|) we get v{z- + t + iO) ^ /_(t) = t/i„/e_, 
t G (0,£:_), where e_ = 2;„ — z~ > 0. Therefore 



8 hi/ e 



V- := - / zv'iz) dz^- I {z-+ t)ft{t)dt = [ z;:- + 
'^-hle^i z~ + ^] =-hle^( z„ 



TT V 5 / TT V 5 
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Similar argument yields + t + iO) ^ f+{t) = (&+ — t)hn/£+, t G (0,£:+), where e. 
zt ~ Zr, > 0. Thus 



V^ = - zv\z)dz^- (z+ + t-e^)fl{t)dt-'' - 



Summing these relations we obtain 



K = K + > ^hl\^^_{Zn - y) + ^^+(^n + y)J = -hl[ Zn\9n 

= -hl\g^\ (z^ + 2^^^) = ^hl\g^\i3zn + 2zl). 

Using (12. 7p . we get K„ ^ (8/1^/77) zv{z, h) dz = 2h'^In, which yields the last two estimates 
in fl3.17p . The second follows from (12. 5p and the first follows from the last estimate in (13. 2p . 
Using ([22D, fl2:T2|) and IK2E\f we obtain 

— [ zk^iz) dz = — [ z{u^ -v^ ^ 2iuv? dz = -— [ 2z{u^ - v^){2iuv) dz 



an 

z{v'^ - u^)uvdz = {47m)Vn - {27mfln. 



_ 32 

TT 

This proves (I3.18p . ■ 

Remark. 1) In particular, (13. 8 p yields that J G £^ iff 7 G £ti- 

2) Due to [K2j . for any Nq > 1 and e G (0, |) there exists a potential q G Jif-i such that 

|7„| = n% for all n > Nq. Then 7 = {\-fn\)T ^ ^-1 and ([33D gives that / G i^. It is clear that 

q ^ -^v^(T), since the gap length |7„| is increasing. 

Note that if / G £^ then ([X7D gives X;„>i hnl^/n"^ < 00, which yields (|7n|)r ^ ^^i- This 

^ 2 
and the standard relationship between the gap lengths and the Fourier coefficients of potential 

imply q G J^_i (e.g., see jK2] . where an analogy of this relation is established for (|7n|)i° ^ ^-1 
and for (|7„|)^^ e f ). 

3) Relations (13. 8 p show that asymptotically the actions J„ are equivalent to the weighted 
squared gap-length |7„p/27rn. It is known that the gap-length |7„| is asymptotically equivalent 
to the module of the Fourier coefficients of the potential q (see [MUj . [M] for the equivalence 
and see |K4j for the corresponding estimates). The asymptotical equivalences n/„ ~ |7„p ~ 

and the corresponding estimates are important for the spectral theory of the Hill operator 
T and the theory of KdV. 



4. Proof of Theorem 11.11 



We remind that V{I) = — H2 is the non-linear part of the KdV Hamiltonian, written as 
a function of actions, see (II. 8p and (ll.lOp . Identities (12.211) and (I2.25P represent H2 and Ij as 
integrals in terms of the quasimomentum k = u + iv. They allow to write V in a similar form. 
We start with an integral representation for V for the case of smooth potentials. 
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Lemma 4.1. Let q,q' G J^o- Then V is finite, nonnegative and satisfies 

09 foo 

V =— zu{z)v%z)dz. (4.1) 

Jo 

Proof. Since q' G J^o, then H2 is finite and / G £3. So P3 is finite, as well as V. To prove 

2 

( 14. ip we start with a finite-gap aproximation for the momentum spectrum aM = M \ U(7„ of 
the potential go + obtained by closing the gaps gm with large m. Namely, we fix r > and 
consider a new momentum spectrum ajj^j = (Ta/ U (—00, — r) U (r, 00), where the new gaps g^ 
are given by 

r ^ ]9n if Qn C (-r, r) 

The variables corresponding to will be indicated the upper index r. Due to the general 
construction, presented in Section 2.2, for the finite-gap momentum spectrum o"]^ there exists 
a unique conformal mapping 

satisfying the asymptotics k'^{z) = z — 0{l)z~^ as \z\ — > 00. By fl2.14p . each function k^{z) —z 
is analytic at 00. The sequence of real numbers wij^, n G Z is odd, strongly increasing and 
— ±00 as n — )■ ±00. In general, is not a quasimomentum for some periodic potential, 
since not necessarily u„ = im for all n. 

For each r we introduce QJ^, S^, and l^'' by relations fl2.18p . fl2.26p and (14.1 p respectively, 
where k = k^,u = u"^ and v = v^. Since v^{x) = for large real x and v^{x + iO),M''(x) ^ 
for real x ^ 0, then all these quantities are finite and non-negative. It is known (see |Llj - |L3] ) 
that 

v'^{x) v{x\ \u!'{x)\ \u{x)\ X G M, as r — )■ 00, 

and that k"^ converges to k uniformly on compact sets from C \ Ou- From these convergence 
and Levy's theorem it follows that 

Q'^/^Qrn. S'^/Srn. Prn. V' V aS r OO, (4.2) 

for m = —1, 0, 1, 2, ... (some limits may be infinite). 
Assume that for each r sufficiently large we have proved that 

8(^[ - ^^i^o') = ^3 - V'- (4-3) 

Then sending r — )■ oo using (14.21) and evoking (I2.2ip . we get that H2 = P3 — (r.h.s. of (14. ip ). 
Since H2 = P3 — V , we recover (14.11) . 

So it remains to show (14.31) . Fix r > 1 large enough and consider the integral Jj^|^^ zk'^{z) dz. 
The function z{k'^{z)Y is analytic in {|2;| > r}. For any m ^ 1 we write its Tailor series at 
infinity, omitting the index r for brevity: 

z\ 00. (4.4) 



So_si+oii)_y 

z^ z^ J 



-9l-9l Q2m , 0(1) 

'^\^) - ^ ^ ^3 ••• ^2m+l + ^2m+2 



Due to fjO) we get 



,4 /2c 'S'i + o(l)\ 5/ S-i 
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If t > r, then 



z"^ J \ z"^ z'^ J J z z^ 



1 

27n 



2A;^(2) dz = -2{Si - 5o5_i), (4.5) 

\z\=t 



since = for real z such that \z\ > r. Thus 

— / zk\z)dz = — z(u^ - + 2iuvf dz = — 2z(u^ - v^)(2iuv)dz 

8 /" 

= / z{u^ — v^)uv dz. (4.6) 

By fl2:2TD . M . fl2:26|) and (gj]) we get that 



z(m^ — f dz = P-i — V, 



which yields fl4.3p . ■ 
Let < a < i. We note that since \h\\l^^ = ^„^i(27rn)^"^^(27™/;,^), then 

ll/^llt ^^2-4a||/^||4,i, where C,^ = ^ < oo if t > 1. (4.7) 

Theorem 4.2. A sequence h = h{I) belongs to i\ if and only if I & ■ If I ^ i"^, then the 
series 

W = 5^(47™)K, (4.8) 

where Vn = Vn{I) ^0 is defined by /i3.16\) . converges for I E l\ and defines in £^ a finite 
non-negative function, equal to 

32 /"°° 

— / zuiz)v^iz) dz. 







TT 

Moreover, 

i) the function W{I) satisfies the following estimates 



^ Y,{^r^n)hlh ^W^2 J2i^nn)hll„, (4.9) 
W^A\\h\\lP,; (4.10) 



a) it is continuous on 
Hi) on the octant i'^ the function W{I) coincides with V{I). 

Proof. Estimates ([31]) imply that h e £fiS I e f. 
Due to the last inequality in (13.171) . 

^^(47rn)2/i^/„^4||/ii^/'ii'^i|2 



4,1' 
n^l 



So W is defined by a converging series and satisfies the second estimate in (14.91) . Using the 
lower bound for Vn in (I3.17P we recover the first estimate in (14. 9p . Estimate (I4.10p follows 
from (gH). 
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Since u = ttu on Qn and u vanishes outside Ugn, then W{I) has the required integral 
representation. 

Let a sequence = {1^)^ — )• / strongly in £^ as s — )■ oo. To prove ii) we need to show that 

W{r) W{I) as s ^ oo. (4.11) 
Using (13. 9p and f l3.ip we have 

4 / 37r2 I 2 



< r<2 II r 



125 



where Cq ^ exp ^2P^i{P) and P-i(/) = Ens^i ^n/(27rr2) ^ C2||/||2- Together with (g^l) this 
yields the estimates 

sup II/;,'' II 4,1 < oo, sup ||/i''||2,a < oo if a < T- (4-12) 

We claim that 

^ h weakly in as s — )■ oo, (4-13) 

for some h & i^^. Indeed, assume that this is not the case. Then by fl4.12p there are two 
different vectors h', h" G and two subsequence {s'^} and {s"} such that 

h''^ h', h''^' h" weakly in (4.14) 

Then 

h', h^'S h" strongly in 

for each v < a. Using Theorem 12.11 and the identity 

r A'(t,h) 

k(z,h)= / , ^ ' ^ =dt, zeZ, 
' '1- A2(t, h) 



which easily follows from 02.28 p . we deduce that the corresponding conformal mappings k 
converge to limits: 

k{z, h"']) k{z, h'), k{z, h^'^) k{z, h') as j oo, (4.15) 

uniformly on bounded subsets in C. These convergences and fl2.25p imply that for each n the 
actions In{h^^) and In{h^^) converge to limits In{h') and In{h"), which must equal /„. That 
is, h' and h" belong to the same iso-spectral class. Since h', h" G then by Theorem 12. II we 
have h' = h" . This proves (14.131) . 
Due to fl3:T8|) 

(47™)K - {2Tmfln = — f zk\z) dz = -— [ z^k, h)k^dk. 

By this relation, (I2.25P and (I4.15P we have 

Vn{r') Vn{I) as j^oo for each n = l,2,3 (4.16) 

For any denote 

W^^\P) = ^{ATin)Vn{P). 

Using (I3.17P we get 

lyW(r) ^ $^(87™)(/.:)2j: = A^ + B^, 
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where 
Since 



An < M\h'hi 4||/i^||4,i||P - /| 



2, 



■ n>N 

then fl4.12p and fl4.16p yield tlie required convergence (14. Ill) . 
The last assertion follows from (14. ip and the integral representation for W{I). ■ 

Proof of Theorem 11.11 Theorem 14.21 gives that the function : — )■ M extends to 
a non- negative continuous function on the octant i"^. Using estimates fl4.10p and fl2.33l) we 
obtain V ^ 4||/i||^Pi ^ 8P_iPi, which yields ffLT2D . If J = 0, then ffrT2|l implies V{I) = 0. 
Finally, let = for some /. Since the terms Vn are non-negative, then each = and 
flXTTj) implies that / = 0. 

It remains to prove (11.130 . Estimates fl4.9l) and (13.90 give 

V^^ J2i^nn)hll^ ^ j^ml (4.17) 

which yields the first inequality in fll.l3p . Now we show the second. Using (14.91) and (13.61) we 
find that 



n^l n>l ^ ^ 

Using flOT]) . (E32]) and f l233|) we obtain 



iv^ll^l|2||/^||oo||/| 
TT 



llp|l2l|/^ll2||/^||oo ^7r4^(^l + go^J Qi 

Combining these estimates we get that 

V ^ 67rv^||/||2 + 4^(1 + QlY^QlWlW^. 

Together with (I2.33P this yields the required estimate, since Co ^ C- = exp ^J1P^\. ■ 

Finally, as a by-product of some relations, derived above in this work, we get two-sided 
algebraical bounds on the norm ||g'|| in terms of P3 = ||/||]^ 3 (see [K4j for two-sided algebraical 

estimates of terms of Pm+i for all m ^ 0). 

Proposition 4.3. The following estimates hold true: 

llg'f ^4(P3 + 2Pi2), (4.18) 

< ^ + ^ll^f + 27r||gf (1 + ||g||^). (4.19) 

Proof. Since H2 = P3 — V and ||g||oo = sup^-g^o,!] ^ ^^^1 then 

liy II TT r \ / 3/ \ J ^ r-) , II II II Il2 ^ n , IIV II II Il2 ^ n , IIVII , WJ II 



H2iq) - q\x) dx^P, + MUgf ^ P3 + ^IklP ^ P3 + ^ + 
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which together with yields f HTTS]) . Using f HTTU]) and relations ||g||oo ^ = 2Pi 

(see (11. 9p ). we obtain 

Ps = ^^ + f^q\x)dx-V ^ ^ + M||,f + 4||/,||2^p^ = ^ + ^l|gir + 2||/.||Llkf ■ 
As \\h\\l^ ^ 7r||g||(l + (see Theorem 2.3 in [KS]), then we get fHA9]) . ■ 
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